Three-types (three-band, two-band and one-band) of effective Hamiltonians for the HgBa2CuO4 and three-band effective Hamiltonian for La2CuO4 are derived beyond the level of the constrained-GW approximation combined with the self-interaction correction (cGW-SIC) derived in Hirayama et al. Phys. Rev. B 98, 134501 (2018) by improving the treatment of the interband Hartree energy. The charge gap and antiferromagnetic ordered moment show good agreement with the experimental results when the present effective Hamiltonian is solved, indicating the importance of the present refinement. The obtained Hamiltonians will serve to clarify the electronic structures of these copper oxide superconductors and to elucidate the superconducting mechanism.
I. INTRODUCTION
Mechanism of high temperature superconductivity in copper oxide superconductors discovered more than thirty years ago 1 is still under active debates. One of the reasons of the controversies is severe competitions of completely different orders, particularly, d-wave superconductivity, antiferromagnetism and charge inhomogeneous states such as charge/spin stripe-ordered states suggested by experiments 2-13 as well as by highly accurate numerical studies on theoretical models such as the Hubbard model [14] [15] [16] [17] [18] [19] [20] [21] , while they are still controversial. Therefore, more quantitative ab initio studies are needed based on the realistic parametrization of the cuprate superconductors to reach conclusive, and quantitative understanding of the mechanism.
Recently, several first principles effective Hamiltonians for low-energy degrees of freedom of electrons near the Fermi level in the cases of Hg based and La based cuprate superconductors have been derived after eliminating the high-energy electronic degrees of freedom far from the Fermi level 22 , based on the multi-scale ab initio scheme for correlated electrons (MACE) [23] [24] [25] , which is expected to be the basis of quantitative realistic studies of the cuprate superconductors without adjustable parameters. The derivation of the effective Hamiltonians is based on the constrained GW (cGW) calculation, where the exchange correlation energy and the Hartree energy in the density functional theory (DFT) in the level of the local density approximation (LDA) is carefully removed to exclude the double counting of the Coulomb interaction in the low-energy effective Hamiltonians. Other attempts to determine parameters of effective Hamiltonians were also reported [26] [27] [28] .
In this paper, we propose a more accurate and realistic description of the low-energy effective Hamiltonians by taking account effects called energy level renormalization (LR) of the orbitals consisting of the low-energy effective Hamiltonians. In the present framework, effects of the Hartree energy between the low-energy orbitals contained in the effective Hamiltonians and the high-energy orbitals outside of them already eliminated in the effective Hamiltonians are calculated more accurately. This Hartree energy contribution has been of course taken into account in the GW level. However, when we solve the low-energy effective Hamiltonians more accurately beyond the GW, the charge density is improved and the Hartree energy is modified. This correction is not taken into account in Ref. 22 and generate the LR.
We further take into account the feedback from the LR to the GW global band structure. By using the renormalized global band structure, we derive an improved effective Hamiltonian using the cGW calculation. By this correction, we show that the level distance in the low-energy orbitals is renormalized to smaller values and the resultant enhanced mutual screening between these orbitals drives the effective interaction weaker in the low-energy Hamiltonians. We show that the improved Hamiltonian well reproduces the charge gap and antiferromagnetic ordered moment of the experimental results in the mother materials.
In Sec. II we show the method of the improved downfolding. The three effective Hamiltonians for HgBa 2 CuO 4 are derived in Sec. III.A. The result obtained by the variational Monte Carlo method (VMC) 31, 32 to incorporate the feedback is also shown in Sec. III.A. Three-band effective Hamiltonians for La 2 CuO 4 are derived in Sec. III.B. We summarize the paper in Sec. IV.
II. METHOD
A. Downfolding method
cGW-SIC
The aim of MACE is to derive an ab initio effective Hamiltonian for the low-energy degrees of freedom from the whole band structure of all electronic degrees of free-dom, particularly for strongly correlated electron systems. The effective Hamiltonian in the low-energy space is given in the form of extended Hubbard-type Hamiltonian without any adjustable parameters as,
where d † iℓσ (d iℓσ ) is the creation (annihilation) operator of an electron for the ℓth Maximally localized Wannier function (MLWF) with spin σ centered at unit cell R i . The terminology "extended Hubbard Hamiltonian" is used in this paper as the lattice fermion Hamiltonian containing longer-ranged transfers as well as longer-ranged and/or off-diagonal Coulomb interactions to represent first principles parameters accurately beyond the simple Hubbard model containing only the onsite interaction and the nearest-neighbor transfer. Here, the single particle term is represented by t cGW-SIC ℓ1ℓ2σ
and the interaction term is given by
where φ ℓRi is the ℓth MLWF centered at R i . In the previous approach 22, 24, 25 , the one-body term H cGW-SIC K and the 2-body term H cGW-SIC W r were calculated by the cGW with the self-interaction correction (SIC) and the constrained random phase approximation (cRPA), respectively, using the Green's function of the band structure of all degrees of freedom. It should be noted that all the parameters in Eq.(1), namely t cGW-SIC and W r , are given from the first principles calculation without any adjustable parameters. In this research, we follow the basic strategy of MACE and use the whole band structure obtained by the GW approximation (GWA) beyond the DFT to derive the ab initio Hamiltonian. As is widely known, the band gap, or more generally, energy difference between low-energy bands, is underestimated in the DFT scheme using the LDA, while it is improved by the GW method 29 . Both the one-body and two-body parts in the ab initio Hamiltonian, therefore, are also expected to be more accurate by using the GW method.
In the cGW 24, 25 , the band dispersion is determined from the self-energy and the polarization by excluding the contribution within the low-energy degrees of freedom to remove the double counting. These contributions from the low-energy degrees of freedom are taken into account afterwards when the low-energy effective Hamiltonian is solved in the same way as the LDA+cRPA scheme based on the LDA Kohn-Shame Hamiltonian. However, in contrast to the LDA+cRPA, the cGW method can explicitly exclude the double counting of the exchange correlation energy in the effective Hamiltonian because the contributions from high-and low-energy degrees of freedom to the exchange correlation energy can be disentangled in the GW scheme 30 while their contributions cannot be separated in the DFT. Furthermore, in the GW-based scheme, the electron correlation from the degrees of freedom outside of the effective Hamiltonian is better taken into account than the LDA 22 . The self-interaction included in the LDA is also removed by the self-interaction correction (SIC) that subtracts the Hartree energy estimated from the LDA charge density of the Wannier orbitals in the low-energy effective Hamiltonian. The double counting of Hartree energy is subtracted when the effective Hamiltonian is solved. Furthermore, the frequency dependent part of the interaction ignored in the low-energy Hamiltonian is taken into account as the renormalization factor in the one-body part.
Error in cGW-SIC
Even with this cGW-SIC formalism, an important correction to the Hartree energy contribution is missing. When the low-energy effective Hamiltonian is solved, the high-energy degrees of freedom are already traced out, and the ground state is determined only from the energy of the low-energy degrees of freedom. In the solution, the spatial distribution of the electron density (the primary part is the electron occupation in the Wannier orbitals in the low-energy degrees of freedom) changes in general from that in the GW (or DFT). This change in the electron density makes a difference in the Hartree interaction between the low-and high-energy degrees of freedom, which is not taken into account in the low-energy solver. However, this difference of the interband Hartree energy can be substantial, because the number of high-energy bands are large and, thus, a small change in charge density may induce a large change in the interband Hartree energy.
Rigidity of orbital occupation
The number of degrees of freedom and the scale of total energy are greatly different between the all-electron calculation and the low-energy effective Hamiltonian. The electron density in the all-electron calculation is determined by the bare Coulomb interaction of about 20 eV at the on-site and several eV at most at off-sites. On the other hand, the electron density in the low-energy effective Hamiltonian is determined only by the screened interaction between the low-energy degrees of freedom, which is one order of magnitude smaller than the bare Coulomb interaction. In the low-energy effective Hamiltonian, the high-energy degrees of freedom is traced out, and it is impossible to account for the change in the total energy of the high-energy degrees of freedom due to the change of the electron density of the low-energy degree of freedom. Since the change in the charge distribution causes significant increase in the Hartree energy, the charge distribution is hardly affected by further improving accuracy of the ab initio methods (see Appendix A). The interband energy in the Hartree level determined from the global electronic structure is actually properly calculated in the GW energy and the resultant stable charge distribution is reliable. In fact, the Hartree level of energy and resultant charge density is estimated both by the LDA and GW with very similar values. For example, the occupation numbers for the Cu x 2 − y 2 and the O 2p orbitals in the LDA/GW are 1.450 and 1.775/1.437 and 1.781 in the Hg system, 1.396 and 1.802/1.350 and 1.825 in the La system, respectively, and the LDA and GW show no appreciable difference. The charge density may not be affected even when more accurate ab initio treatments are used. This means that the orbital occupation is rigid and should be fixed at the values of the GW (or similar LDA) results in the solution of the low-energy solver. This rigidity of the orbital occupation is expected to be more accurate if the Wannier orbitals belong to different atoms, because the Hartree energy is expected to be very different for orbitals belonging to different atoms and even a small redistribution of the charge in the lowenergy orbitals results in large cost of interband Hartree energy.
Chemical potential shift
Then a better solution of the low-energy solver is obtained by shifting the chemical potential of each orbital in the effective low-energy Hamiltonian to adjust and reproduce the occupation in each orbital to the value given by the GW. We call the method to use the effective Hamiltonian simply obtained by such a shift of the chemical potential to the cGW-SIC Hamiltonian, cGW-SIC+∆µ.
We note here about a subtlety of the cGW-SIC+∆µ. First, the ground state of the effective Hamiltonian obtained by the low-energy solver may show spontaneous symmetry breaking while the GW solution is paramagnetic: The ground state of the effective Hamiltonian at half filling obtained by the VMC has antiferromagnetic order, while the paramagnetic ground state is obtained by the present GW calculation. This difference in the ground state character may introduce the possible correction arising from the exchange splitting effect, which is taken into account in the VMC result while it is not in the GW energy. Another subtlety is the off-diagonal part of the density fitting. Although it is a secondary effect, the Hartree energy contains not only the diagonal part of density (d one-band Hamiltonian for the anti-bonding band resulting from the hybridized d x 2 −y 2 and p σ orbitals has to be further improved because of the level shift and increased screening from the p σ orbital. More precisely, after the hybridization of the Cud and Op orbitals, the GW results are given by the bonding, non-bonding, and anti-bonding bands. Since the LR leads to stronger hybridization and screening effects arising from the bonding and nonbonding bands, they may make the effective interaction of the one-band Hamiltonian weaker. For example, as we will show later, nearest-neighbor hopping t(1, 0, 0), the on-site screened Coulomb interaction U , and U/t(1, 0, 0) for the one-band Hamiltonian of HgBa 2 CuO 4 are −0.461, 4.37, and 9.5 in the cGW, and −0.509, 3.85 and 7.6 in the GW+LRFB.
B. Multi-scale correction for occupation number of low-energy effective Hamiltonian
The improved transfer integral with the correction of the chemical potentialt is
where ∆µ is the chemical potential shift to reproduce the occupation number of each Wannier orbital by the GW calculation, even after solving the effective Hamiltonian by an accurate low-energy solver. Instead of DFT, in the GWA, the Green's function and various physical quantities such as the self-energy are calculated in a self-consistent manner based on the Hedin's equation. In actual calculations, Hartree interaction is often not updated during the self-consistent calculation, but it is empirically known that the band structure is improved compared to that in the DFT. Therefore, in this study, we employ the electron density of each Wannier orbital in the GWA in Eq. (4) as the density to be reproduced in the solution of the low-energy effective Hamiltonian.
C. Calculation by low-energy solver to correct orbital occupation number
We have several possibilities for the choice of the lowenergy solver when we solve the effective Hamiltonians derived by the cGW-SIC+LRFB. Here, we employ the VMC method using the variational wave functions with various correlation factors and projection operators operated to pair product wave functions 32 as the low-energy solver. The VMC is a method to optimize the variational parameters in the wave function to reach a good variational many-body ground-state.
We replace t cGW-SIC in the effective Hamiltonian (1) byt cGW-SIC defined in Eq.(4) and solve the modified effective Hamiltonian by sweeping the chemical potential ∆µ of each orbital 25 . Then we adjust the chemical potential of each orbital so that the VMC solution of the effective Hamiltonian, |ψ , reproduces each orbital occupation obtained by the GWA, i.e.,
where n
σ=↑,↓ ψ|d † iνσ d iνσ |ψ . By employing the adjusted chemical potential suggested in the VMC result to satisfy Eq.(5), and shifting the chemical potential in the cGW-SIC Hamiltonian, the cGW-SIC+∆µ Hamiltonian is obtained.
D. Downfolding with cGW-SIC+LRFB
In the cGW-SIC+LRFB method, a static 1-body term H cGW-SIC K is obtained from the dynamical 1-body term by renormalizing the frequency dependence using renormalization factors Z cGW H
. By multiplying the chemical potential shift ∆µ by (Z cGW H ) −1 , the correction from the frequency dependence of the dynamical 1-body term is taken into account. The revised GW self-energy Σ LRFB (ω) is then given by
The second term in Eq. (6) is a contribution of correlation effect beyond the GWA. The Hamiltonian in the GW+LRFB is
where H LDA is the Kohn-Sham Hamiltonian, V xc is the exchange correlation energy in the LDA results, and Z LRFB is the renormalization factor of Σ LRFB at ω = 0
Z LRFB (0) is nearly the same as Z GW (0) because the ω dependence of Σ LRFB originates from Σ GW . In the Hamiltonian in the GW+LRFB, the LR in the full GW level is mostly given by
One might think that the LR in the full GW level is smaller than ∆µ because Q ≡ Z GW (0)/Z cGW H (0) < 1. However this is reasonable because after the cGW calculation, the LR is ∆µ and the contribution from the low energy degrees of freedom gives further renormalization given by Q.
We use the corrected self-energy (6) for the Green's function. Then we perform the cGW-SIC again, which generates cGW-SIC+LRFB Hamiltonian.
E. Application to the cuprates
In this paper, we apply the method to derive three types of effective Hamiltonian for the the cuprate superconductors HgBa 2 CuO 4 and La 2 CuO 4 : (1) Three-band effective Hamiltonian consisting of the Cu d x 2 −y 2 and two O 2p σ Wannier orbitals, (2) two-band Hamiltonian consisting of the Cu d x 2 −y 2 and Cu d 3z 2 −r 2 Wannier orbitals and (3) one-band Hamiltonian for the anti-bonding band of hybridized Cu d x 2 −y 2 and O p σ Wannier orbitals.
In the present application to the cuprates, we apply the orbital level shift to the three-band cGW-SIC Hamiltonian in the form of Eq. (1) so that the relative level of O 2p σ orbital is adjusted relative to the level of Cu d x 2 −y 2 orbital. To analyze the three-band Hamiltonian with the level shift, we use the mVMC method. In the mVMC calculation, we only consider the density-density type interactions (W r ℓ1ℓ1ℓ2ℓ2σσρρ (R i1 , R i1 , R i2 , R i2 )) and ignore the exchange term because their effects are small.
The present scheme is summarized in the following (see Fig. 1 ). Following the treatment employed in Ref. 22 , the effective Hamiltonian for the 17 bands near the Fermi level is first derived. For this purpose, the global band structure is obtained by the DFT with LDA. Then the Green's functions for the bands other than the 17 bands are fixed in this LDA form all through the calculations. The band structure of the 17 bands are first derived from the self-energy of the 17 bands calculated from the oneshot full GW calculation. Next, by using the GW Green's function for the 17 bands, the cGW-SIC calculation is performed to derive the effective Hamiltonian for the 17 bands with the one-body term obtained from the cGW and the interaction term using the cRPA. Then from this Hamiltonian, the three types of effective Hamiltonians are derived as we detail below. Up to here the procedure is the same as that employed in Ref. 22 .
By adding additional chemical potentials ∆µ d and ∆µ p for the Cu d and O p orbitals, respectively as parameters, ∆µ dp ≡ ∆µ p −∆µ d dependence of the orbital fillings is calculated by the mVMC for the three-band Hamiltonian. In general the orbital fillings in the mVMC solution are not the same as the full GW result if ∆µ dp = 0. Then the relative chemical potential ∆µ dp is shifted to the value so that the orbital fillings in the mVMC solution become the same as the full GW result. By employing this level shift to the cGW-SIC Hamiltonian, cGW-SIC+∆µ Hamiltonian is obtained. By taking into account the effect of nonzero ∆µ dp , we recalculate the cGW-SIC to rederive the effective cGW-SIC-LRFB Hamiltonian with the LRFB correction.
F. Computational Conditions

Conditions for DFT, and GW
For the crystallographic parameters, we employ the experimental results reported by Ref. 40 for HgBa 2 CuO 4 and those reported by Ref. 41 for La 2 CuO 4 . We take the lattice constants of the tetragonal unit cell as a = 3.8782/3.7817Åand c = 9.5073/13.2487Åfor the Hg/La compound. In the Hg compound, the height of Ba atom measured from CuO 2 plane is 0.2021c and the apex oxygen height is 0.2940c. In the La compound, the La and apex oxygen heights measured from the CuO 2 plane are 0.3607c and 0.1824c, respectively. Other atomic coordinates are determined from the crystal symmetry. Here, the crystallographic parameters of HgBa 2 CuO 4+δ is employed because the mother compound is not available. The mother compound La 2 CuO 4 has an orthorhombic symmetry and has slightly different lattice parameters from those listed above. We employ the tetragonal symmetry for the effective Hamiltonian with the crystallographic parameters of La 1.85 Ba 0.15 CuO 4 at 10K. We neglect this difference.
Computational conditions are as follows. The band structure calculation is based on the full-potential linear muffin-tin orbital (LMTO) implementation 42 . The exchange correlation functional is obtained by the local density approximation of the Ceperley-Alder type 43 and spin-polarization is neglected. The self-consistent LDA calculation is done for the 12 × 12 × 12 k-mesh. The muffintin (MT) radii are as follows: R The cRPA and GW calculations use a mixed basis consisting of products of two atomic orbitals and interstitial plane waves 44 . In the cRPA and GW calculation, the 6 × 6 × 3 k-mesh is employed. By comparing the calculations with the smaller k-mesh, we checked that these conditions give well converged results. We include bands in [−26.4: 122.7 ] eV (193 bands) for calculation of the screened interaction and the self-energy. For entangled bands, we disentangle the target bands from the global Kohn-Sham bands 45 .
We expect that the difference arising from the choice of basis functions (for instance, plane wave basis or localized basis) in the DFT calculation is small as was shown in a previous work 46 . The 3d orbital of Cu is relatively localized among that of the transition metals. Therefore, the bare Coulomb interaction v and the screened Coulomb interaction calculated from v are sensitive to the accuracy of the wave function near the core. When calculating with a plane wave basis, we would improve the accuracy of interaction by using hard pseudo potentials.
Method and Conditions for VMC
We use the open-source software mVMC [32] [33] [34] [35] that implements the VMC with the variational wave function defined as
where P G and P J are the Gutzwiller factor 36 and the Jastrow factor 37 , respectively. The variational wave function |ψ is capable of describing various phases such as magnetic, superconducting, and spin liquid phases in a unified fashion. We employ the total spin projection L S to restore the symmetry of the Hamiltonian 38 . In most part of the calculations, we use spin singlet total spin projections (S = 0), which is expected to be the ground-state quantum number. The pair-product part |φ pair is the generalized pairing wave function defined as
where f ij denotes the variational parameters, N orb is the number of the orbitals, and N s is the number of the lattice sites. In this calculations, we take 2 × 2 sublattice shown in Fig. 2 to consider off-site correlations. The translational symmetry is assumed beyond this supercell. We have 2×2×N 2 orb ×N s independent variational parameters for pair-product part. All the variational parameters are simultaneously optimized by using the stochastic reconfiguration method 32, 39 .
III. RESULT
A. HgBa2CuO4
Band structure in the GWA
We show the band structure of HgBa 2 CuO 4 obtained by the GWA in Fig. 3 . The 17 Wannier functions are constructed from the 20 bands near the Fermi level 22 . Full GW self-energy is introduced to the 17 bands near the Fermi level originating from the Cu 3d and O 2p orbitals, which are relatively well isolated from higherenergy bands. The Cu 3d orbitals are split into t 2g and e g orbitals by the octahedral crystal field, and the e g orbitals are further split into higher x 2 − y 2 and lower 3z 2 − r 2 by the crystal field mainly from the distorted octahedron of the oxygen ions surrounding the copper ions. The Cu e g and O 2p orbitals are strongly hybridized with each other and make a covalent bond. Especially, the Cu x 2 − y 2 orbital has a strong σ-bonding with the O 2p σ orbitals directed to the Cu atom, which makes large band width ∼ 3.5 eV. The s-band originating from the Hg atom is also hybridized with 17 bands near the Femi level. The one-body Hamiltonian parameters at the level of full GWA is listed in Table I . The three-band Hamiltonian consists of the Cu d x 2 −y 2 and O 2p σ orbitals. The energy window for the Wannier functions is set as the same as that in the GWA for the 17 bands. Band structure of the one-body part of threeband Hamiltonian in the cGW-SIC is shown in Fig. 4 By using the mVMC, we here analyze the three-band (dp) Hamiltonian of HgBa 2 CuO 4 obtained above by the cGW-SIC in the form of Eq.(1) 22 . The matrix elements of the Hamiltonian are listed in Table I , but the relative level difference between the Cu d x 2 −y 2 and O 2p σ Wannier orbitals, ∆µ dp = ∆µ p − ∆µ d , is added to tune the orbital fillings. Figure 5 shows the orbital fillings of the Cu d x 2 −y 2 and O 2p σ orbitals as a function of ∆µ dp added to the cGW-SIC Hamiltonian. Here, we note that ∆µ dp = 0 corresponds to the cGW-SIC Hamiltonian used in the previous studies 22, 47 after eliminating the double counting in the Hartree terms. Increasing ∆µ dp , in other words, decreasing the level difference, enhances the hybridization between the Cu d x 2 −y 2 and O 2p σ orbitals. The O 2p σ orbital component becomes larger in the anti-bonding band crossing the Fermi level, and the filling of the O 2p σ Wannier orbital decreases. By taking ∆µ dp = 1.0 eV, the fill- Δμ dp =1.0
Δμ dp =0 Δμ dp
FIG. 6. (Color online) mVMC results for the Hg three-band
Hamiltonian (1) with the system size L × L; (a) ∆µ dp dependence of the magnetic ordered moment. By performing extrapolation with the least square fitting for magnetic ordered moments in finite system sizes, we obtain the bulk (thermodynamic) limit of the magnetic ordered moment. At the appropriate correction (∆µ dp ∼ 1eV), we obtain m ∼ 0.4 (µB). By using the correction, we calculated the magnetic ordered moment m for HgBa 2 CuO 4 ( Fig. 6(a) ), which is defined as
where Q = (π, π) is the ordering vector. The cGW-SIC Hamiltonian without ∆µ (∆µ dp = 0) shows the magnetic ordered moment, whose amplitude is very close to that of the square lattice Heisenberg model as shown in Fig. 6 (a). Since the existing copper oxide Mott insulators typically show the ordered moment smaller than that of the Heisenberg model 49 , the ordered moment is apparently overestimated. On the other hand, when the correction (∆µ dp > 0) is taken into account, the correlation of the system weakens and the magnetic ordered moment is reduced to a more appropriate value smaller than that in the Heisenberg limit.
The ab initio matrix elements of the effective Hamiltonian of the cGW-SIC+∆µ are listed in Table I . The difference from cGW-SIC in the same Table is only the level of the p orbital.
By introducing the chemical potential correction, the Mott gap of the effective Hamiltonian at half filling is also estimated using the mVMC. The Mott gap ∆E MG is estimated from the total energy difference as ∆E MG = (E(N +2)+E(N −2)−2E(N ))/2 = µ(N +1)−µ(N −1), where E(N ) and µ(N ) are the ground state energy and the chemical potential of the N -electron system, respectively. Since the Mott gap is formed by strong shortranged Coulomb repulsion, the system size dependence is small and the value is a good estimate of the thermodynamic limit. Here, by introducing the chemical potential correction leading to a positive ∆µ dp , the hybridization between the dp orbitals becomes stronger and, thus, makes the correlation of the system weaker than that without the correction. The Mott gap ∆E MG , indeed, depends on ∆µ dp : While the Mott gap ∆E MG without the correction is calculated to be 1.7 eV, ∆E MG with the correction ∆µ dp = 1 eV is reduced to 0.7 eV, which proves the weaker correlation in the cGW-SIC+∆µ Hamiltonian, as shown in Fig. 6(b) . Unfortunately, there exists no mother material in the Hg system. However, in the next section for the La compound, we will show that our ab initio estimate of the Mott gap indeed agrees with the experimental value, in contrast to the estimate without the ∆µ correction. (Color online) Electronic band structure of HgBa2CuO4 obtained by the GW+LRFB (red solid line). Self-energy in the GWA is calculated only for the 17 bands originating from the Cu 3d and O 2p orbitals near the Fermi level. The feedback effect is counted only to the O 2p orbital directed to the Cu atom. The zero energy corresponds to the Fermi level. For comparison, the band structure in the GWA is also given (black dotted line).
Next, we calculate the band structure in the GW combined with LRFB by adding the on-site correction of the O 2p orbitals estimated by the VMC (∆µ dp = 1.0 eV) to the self-energy in the GWA Green's function. The chemical potential multiplied by the inverse of the renormalization factor in the cGW-SIC is added to the GW selfenergy of the 17 bands near the Fermi level. We obtain Fig. 7 by expanding self-energy to the frequency around the energy eigenvalue of the DFT and diagonalizing the Hamiltonian as the same as that in the usual GWA. Since there is no frequency dependence in the on-site correction, the frequency dependence of the self-energy remains the same as the GWA, and the renormalization factor is nearly the same as that in the GWA. The largest change in the GW+LRFB band from the GWA is the hybridization between the Cu x 2 − y 2 and O 2p orbitals. Also, due to the change in the energy level of the O 2p orbitals, the 17 bands around the Fermi level is slightly modified through the hybridization. We derive the 3-band Hamiltonian at the cGW-SIC level based on the Green's function obtained by the GW+LRFB. Before deriving cGW-SIC+LRFB, we first show in Fig. 8 the band structure of the 3-band Hamiltonian obtained by the Wannier function in the level of GW+LRFB. We set the energy window for the Wannier functions as the same as that in the GWA and GW+LRFB. Then, the Wannier function of GW+LRFB is close to the atomic orbital similarly to the Wannier function of the GWA. The bands indicated by the dotted line in the figure is those obtained by the Wannier function in the GWA constructed under similar conditions. The one-body Hamiltonian parameters of GW+LRFB are listed in Table II . The chemical potential difference between the Cu x 2 − y 2 and O 2p Wannier orbitals in the GW+LRFB is 1.48 (eV), while that in the GWA is 2.31 (eV) (see Table I for GWA). The decrease in the chemical potential difference (0.83 eV) is slightly smaller than ∆µ dp (1.0 eV) due to the renormalization factor derived from the static low-energy effective Hamiltonian. Since the Cu x 2 − y 2 and the O 2p orbitals are not hybridized at the Γ point due to the symmetry, the chemical potential change is clearly visible at Γ point (Fig. 8) . On the other hand, at the X point, the width of the bonding and anti-bonding bands increases because the energy difference between the Cu x 2 − y 2 and O 2p orbitals decreases. The correction is a static chemical potential, the dp hopping hardly changes between the GWA (1.18 eV) and the GW+LRFB (1.19 eV), and therefore the increase in the bandwidth of the anti-bonding band is due to purely increase of covalency between the Cu x 2 − y 2 and O 2p orbitals in the GW+LRFB.
Three-band Hamiltonian in cGW-
The band structure obtained by the cGW-SIC+LRFB is shown in Fig. 9 . The three-band Hamiltonian in the cGW-SIC+LRFB is close to that without the feedback (namely cGW-SIC in Table I ). The Hamiltonian parameters are listed in Table II . The chemical potential difference between the Cu x 2 − y 2 and the O 2p orbitals is 2.17 eV in the cGW-SIC+LRFB, which is close to 2.42 eV in the cGW-SIC obtained from the GW band structure. Also, the magnitude of the nearest-neighbor hopping between the Cu x 2 − y 2 and the O 2p orbitals is 1.261 eV, which is nearly the same value as 1.257 eV in the cGW-SIC. The effect of the correction is very small in the three-band Hamiltonian. This is because the enhanced mutual screening between the Cu x 2 − y 2 and the O 2p orbitals ascribed to the reduced level difference of these two bands is not taken into account at this stage of the derived three-band Hamiltonian The screened on-site Coulomb interaction between the Cu x 2 − y 2 orbitals is 8.99 eV in the cGW-SIC+LRFB, while it is 8.84 eV and nearly the same in the cGW-SIC. Because of this similarity, the effective three-band Hamiltonian is well represented by cGW-SIC+∆µ when one solves by low-energy solvers. Figure 10 shows the doping concentration (δ) dependence of the orbital fillings for the Cu 3d x 2 −y 2 and two O 2p σ Wannier orbitals (in (a)) as well as for the Wannier orbitals representing diagonalized bands in Fig. 9 (in (b) ) obtained by VMC using the cGW-SIC+∆µ Hamiltonian given in Table I . Figure 9 (a) shows a kink at zero doping indicating different character of carriers between electron and hole doping. More remarkably, only the 3d x 2 −y 2 carriers look doped in the electron doped side and only the 2p carriers look doped in the hole doped side around the zero doping, because the filling of the other orbital stays nearly constant, as was already suggested by the picture of charge transfer insulator 50 . This means that carriers doped in the so-called Hubbard band and lower Hubbard band consist of different orbitals. However, it is interesting to see the same doping in the Wannier basis functions that represent the bonding, nonbonding and antibonding bands in Fig. 9 , it turns out that the carriers are doped only in the highest antibonding band, as is expected. This shows that such different characters of carriers in (a) arise only within the carriers belonging to the original anti-bonding band 51 . Therefore the present apparent charge transfer insulator is well represented by the singleband framework of the antibonding band, which consists of strongly hybridized d and p atomic-like Wannier orbitals. Next, we discuss the two-band Hamiltonian in the cGW-SIC calculated from the GW+LRFB band structure (namely cGW-SIC+LRFB band). The 17 bands around the Fermi level is included to the energy window for the Wannier functions, where the bonding and non-bonding bands of the O 2p orbitals are not included. The one-body parameters obtained from the full GWA and the cGW-SIC Hamiltonian parameters obtained using the full GW Green's functions are listed in Table III. Interaction parameters in the level of cGW-SIC based on the full GW Green's function are calculated by the cRPA and listed in Table III as well. Then the level renormalization of O p σ orbital is taken into account for the full GW calculation as GW+LRFB in the same way as the three-band calculation. Figure 11 shows the GW+LRFB band structure. The one-body parameters by the GW+LRFB are listed in Table IV . Then the cGW-SIC for the purpose of constructing the two-band (Cu d x 2 −y 2 and O p σ ) Hamiltonian is performed 22 . The one-body parameters for the cGW-SIC+LRFB are listed in Table IV . The interaction parameters for the cGW-SIC+LRFB Hamiltonian are calculated using cRPA applied to the GW+LRFB Green's functions and are listed in Table IV as well.
The energy difference between the anti-bonding orbital and Cu z 2 orbital is 2.45 eV in the GW+LRFB, which is nearly the same as that in the GWA (2.43 eV). On the other hand, the nearest-neighbor hopping is 0.512 eV in the GW+LRFB, which is factor 1.13 larger than the value of 0.453 eV in the GWA. This is because the on-site correction increases the contribution of the O 2p orbitals to the anti-bonding orbital and then the hopping through the O 2p orbital increases.
Band structure in the cGW-SIC+LRFB is shown in Fig. 12 . The Cu anti-bonding orbitals in the cGW-SIC with the feedback (cGW-SIC+LRFB) is substantially different from that without the feedback (cGW-SIC). The effective Hamiltonian parameters are listed in Table IV . The hybridization amplitude ((nearest-neighbor) transfer integral) of Cu x 2 − y 2 orbitals with the O 2p increases from the cGW-SIC (-0.426eV) to cGW-SIC+LRFB (-0.455 eV), because the Wannier function of the antibonding orbital expands. Due to the expansion, the effective interaction decreases. For instance, the onsite interaction U for the anti-bonding (d x 2 −y 2 ) orbital decreases from 4.508 eV (cGW-SIC) to 4.029 eV (cGW-SIC+LRFB). Then the ratio U/t substantially decreases from 10.6 to 8.85. The band structure of effective one-band Hamiltonian in the level of GW+LRFB is shown in Fig. 13 and the Hamiltonian parameters are listed in Table V . The band structure and the one-band Hamiltonian parameters at the level of cGW+LRFB is derived similarly after considering the level correction and feedback, which are shown in Fig.14 and Table VI, respectively. In the case of the one-band Hamiltonian, we do not need to consider the SIC. The cGW+LRFB Hamiltonian is distinct from the cGW Hamiltonian, where the transfer amplitudes are increased from -0.461 (0.119) eV to -0.509 (0.127) eV for the transfers between the nearest-neighbor sites t (between the next-nearest-neighbor sites t ′ ), while the matrix elements of the Coulomb repulsion are decreased from 4.37 (1.09) to 3.85 (0.83) eV for onsite interaction U (nearest-neighbor interaction V ). The combined effect drives the system into weaker correlation, where U/|t| is modified from 9.48 to 7.56.
Finally, the parameters for the three types of the effective Hamiltonians for the Hg compounds are summarized in Table VII. B. La2CuO4
Band structure in the GWA
The band structure of La 2 CuO 4 based on the GWA is calculated in the same way as the Hg compound and plotted in Fig. 15 .
Three-band Hamiltonian in the cGW-SIC
The three-band effective Hamiltonian based on the cGW-SIC given in Ref. 22 is reproduced in Fig.16 . Figure 17 shows ∆µ dp dependence of the orbital fillings for La 2 CuO 4 . We find that the proper LR (corrections in the chemical potential) are given by ∆µ dp ∼ 2.5 eV for La 2 CuO 4 . Therefore we add ∆µ dp ∼ 2.5 eV to the chemical potential of Op orbital. The revised Hamiltonian parameter on the level of cGW-SIC+∆µ is listed in Table VIII This modified Hamiltonian was solved by mVMC. The obtained magnetic ordered moments and the chemical potentials are shown in Figs. 18(a) and (b) , respectively. Our calculations show that the magnetic ordered moment for La 2 CuO 4 is about 0.6 µ B in agreement with the neutron scattering result, 0.60 ± 0.05µ B 52 . The charge gap is about 2 eV, which is consistent with the available experimental result, for instance the optical conductivity 53 . Since the Hamiltonian parameters are remarkably sim- Δμ dp =2.5
On-site potential correction for three-band Hamiltonian obtained by the VMC: cGW-SIC+∆µ
Δμ dp =0 ilar for the Hg compounds between the cGW-SIC and cGW-SIC+LRFB, we also assume that the parameters for the La compounds estimated by the cGW-SIC+LRFB change little from the cGW-SIC parameters and we do not list here. Therefore when one solves by using the low-energy solver, the effective three-band Hamiltonian is given just by raising up the chemical potential of O p orbitals with the amount of 2.5 eV as listed in Table VIII as cGW-SIC+∆µ. The interaction parameters to be used by the low-energy solver are given in the same table, which are obtained by cRPA with the GW-LRFB Green's function. Figure 19 shows that the carrier character is different between the hole and electron doping in the atomic-like Wannier orbitals in (a) while carriers are solely doped in the antibonding band in (b) similarly to the Hg compound. This suggests that the two compounds belong to the same class of three-band level scheme, which is essentially described by the single-band framework. If we try to derive a single-band Hamiltonian in a similar way to the Hg compound, one encounters a difficulty, where strongly hybridizing d 3z 2 −r 2 and the antibonding band constructed from the d x 2 −y 2 and p σ orbitals generate substantial off-diagonal self-energy between the d 3z 2 −r 2 and the anti-bonding bands. However, when we derive the effective one-band Hamiltonian, the entanglement between the anti-bonding and the d 3z 2 −r 2 orbitals has to be disentangled and the off-diagonal part of the self-energy has to be ignored. If only the diagonal self-energy for the anti-bonding band is retained, this truncation results in unphysical wigly behavior of the bands, which is much more serious than the case of the cGW-SIC discussed in Ref. 22 . This suggests that the quantitatively precise estimate of the electronic properties must be estimated by including the d
When we attempt to derive the effective two-band Hamiltonian, the disentanglement and elimination of the non-bonding and anti-bonding bands and resultant neglect of the off-diagonal self-energy involving the bonding/non-bonding electrons again induces weired wavy structure in the two bands, suggesting the necessity to include the bonding/nonbonding states. Therefore, from the obtained band structure, the reasonable effective Hamiltonian can be obtained only for threeband Hamiltonian or four-band Hamiltonian including all the e g and p σ orbitals on the present level of cGW-SIC+LRFB.
IV. CONCLUSION AND OUTLOOK
We have derived three-types (three- The obtained Hamiltonians will further serve to clarify physical properties of these copper oxide superconductors, particularly for carrier doped cases, where the mechanism of high-T c superconductivity remains to be a grand challenge in condensed matter physics. We will discuss physics and properties of carrier doped cases including superconducting properties in a separate publication.
Appendix A: Rigidity of orbital filling
To examine the rigidity of the orbital occupations, we estimate the energy cost to change the orbital occupation by employing the following simple charge diagonal part of Coulomb energy,
where the bare intra-orbital onsite Coulomb interaction between two electrons at the d x 2 −y 2 (2p σ ) orbital is denoted by v d (v p ) and the bare onsite inter-orbital Coulomb interaction between electrons at the d
Under the constraint n d + 2n p = 5, and n p = n p1 = n p2 , the Coulomb energy is rewritten as a function of n d only, as
where A and B are
and C is a constant. By taking
where
Therefore,when V C has the minimum at N d , the coefficient of the linear term,
is obtained. When the relative filling between n d and n p changes, the energy cost is given by Eq.(A6). Suppose this interaction energy gives the minimum at N d = 1.437 as it is estimated by the full GW calculation (see Table I ). The effect of strong correlation on the orbital occupation beyond the GW approximation can be roughly estimated from the solution of the mVMC within the effective three-band Hamiltonian of Hg compound with the parameters listed in Table I . The mVMC energy for several choices of lattice sizes is plotted in Fig. 20 . Since the size dependence is small, we employ L = 10 result, as the thermodynamic limit. Strong correlation effects makes the d-orbital filling smaller from the GW value, n d =1.437 to 1.32. Then although it is not a rigorous treatment, the rigidity of the orbital occupation is roughly estimated by adding the VMC energy E VMC to the bare Coulomb energy given by Eq.(A6) with A ≃ 20.9 eV as can be estimated in the present paper for HgBa 2 CuO 4 (see Table I ). This means that electrons in the low-energy degrees of freedom follows the low-energy effective Hamiltonian under the parabolic potential given by Eq.(A6). Namely, the rigidity of the orbital occupation is roughly estimated by the shift of the minimum from N d when we add the energy calculated from the solution of the low-energy effective Hamiltonian defined before the level renormalization.
The ab initio three-band effective Hamiltonian for the Hg compound with the parameters listed in Table VIII for cGW-SIC was solved by the mVMC. The resultant energy E VMC is plotted in Fig. 21 . When we plot V C + E VMC , n d which gives the minimum value shifts from the minimum of V C n d = 1.437 to 1.415 with the amount 0.022 as one sees in Fig. 21 . This little change proves the rigidity of the orbital filling n d estimated by the GW approximation and justifies the present treatment to fix the orbital occupation determined from the DFT or GW approximation.
The self-consistent dynamical mean-field treatment was formulated by taking account of correlation-induced changes to the total charge density to impose the selfconsistency for the charge density 55 . It was applied to thin films of SrVO 3 and the self-consistent GW treatment shows that the orbital occupation of d xy and d yz /d zx orbitals recovers to values similar to the DFT estimates.
56,57 . This again endorses the rigidity of the orbital occupation. . We show the transfer integral in the cGW-SIC+∆µ as well as that in the GWA for comparison, while the effective interaction is the result of the cRPA. The data for the cGW-SIC+∆µ except for the orbital level of p1 and p2 are taken from Table IV of Ref.22 obtained by the cGW-SIC. For the p1 and p2 levels, ∆ dp = 1 eV is added to the level in Ref. 22 Table. The parameters for further neighbor transfer integrals and interactions by the cGW-SIC+LRFB are given in the Supplemental Material 54 . . We show the transfer integral in the cGW and also in the GWA for comparison. The transfer integrals denoted as GWA are calculated from the Wannier orbitals constructed to fit the GW band structure. The transfer integrals denoted as cGW-SIC are calculated from the cGW procedure applied to the GWA band structure/Green's functions. The effective interaction is the result of the cRPA applied to the GWA Green's functions. v and Jv represent the bare Coulomb interaction/exchange interactions respectively. U (0) and J(0) represent the static values of the effective Coulomb interaction/exchange interactions (at ω = 0). The data are the same as and taken from . We show the transfer integral calculated from the GW as well as that calculated from the GW-SIC+LRFB procedure. t and t ′ for one-and two-band Hamiltonians are for nearest and next nearest-neighbor transfers between Cu 3d orbitals, respectively. Onsite and nearest-neighbor interactions U and V , respectively for Cu 3d orbitals are given as well. The orbital level is given by ǫX with X = x 2 − y 2 or 3z 2 − r 2 . Left panel:1-band Hamiltonians. Middle two panels: two-band Hamiltonians. Right panel: three-band Hamiltonians t dp (tpp) is for largest nearest-neighbor transfer between Cu 3d x 2 −y 2 and O 2pσ (two O 2pσ) orbitals. Onsite (U ) and nearest-neighbor (V ) interactions for Cu 3d x 2 −y 2 and O 2pσ are given as well. The level difference between 3d x 2 −y 2 and 2pσ is given by ∆µ dp .
t(GW+LRFB)
from GW 1-band 
from GW 3-band t dp 1.257
∆ dp 2.416
V dp 1.99
|U dd /t dp | 7.03 from GW+LRFB 3-band t dp 1.261 tpp 0.753 ∆ dp 2.174
V dp 2.05
Upp 5.40
|U dd /t dp | 7.13 TABLE VIII. Transfer integrals and effective interactions for three-band Hamiltonian of La2CuO4 in the cGW-SIC (in eV) as well as in the GWA. The notations are the same as Table I . The GWA and cGW-SIC data are taken from Table VII 
S.1 DETAILS OF HAMILTONANS
In this supplementary material, we list up the whole parameters including relatively small one-body and two-body parameters. We show all the transfer integrals when they are above 10meV. Beyond the relative distance (3,3,0) all the one-body parameters are below 10 meV. We also show two-body parameters up to the distance (3,3,0) . Within the distance (3,3,0) , we list up interactions only when the value is above 50 meV. Interactions for further neighbor unit-cell pairs very well follows 1/r dependence inferred from the list. One-body parameters in the cGW-SIC+∆µ for the three-band hamiltonian of HgBa 2 CuO 4 are listed in Table A and the interaction parameters are given in  Tables S.2 , S.3, S.4, S.5, and S.6. One-body parameters in the cGW-SIC+LRFB for the three-band hamiltonian of HgBa 2 CuO 4 are listed in Table S .7 and the interaction parameters are given in Tables S.8, S.9, S.10, S.11, and S.12. The two-band hamiltonian parameters in the cGW-SIC+LRF are listed in Tables S.13, S.14, S.15, and S.16. In the same way, the one-band hamiltonian parameters are listed in Tables S.17 Transfer integrals in the cGW-SIC+∆µ for three-band hamiltonian of HgBa2CuO4 (in eV). The inter-layer hopping is omitted because its energy scale is under 10 meV. 
The orbital indices 1, 2, and 3 stand for the x 2 − y 2 , p1 and p2 orbitals, respectively. Table S2 .) Diagonal effective interactions in the cGW-SIC+∆µ for three-band hamiltonian of HgBa2CuO4 (in eV). Notations are the same as Table S2 . 
The orbital indices 1, 2, and 3 stand for the x 2 − y 2 , p1 and p2 orbitals, respectively. Table S11 .) Diagonal and off-diagonal effective interactions in the cGW-SIC+LRFB for threeband hamiltonian of HgBa2CuO4 (in eV). Notations are the same as Table S8. (0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 3 (3, 0, 1) 3 1.289 0.231 (0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.279 0.225 (0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.283 0.228 (0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 3 (3, 1, 1 Effective interactions in the cGW+LRFB for one-band hamiltonian of HgBa2CuO4 (in eV). φ ℓ 1 R i 1 φ ℓ 2 R i 2 |X|φ ℓ 3 R i 3 φ ℓ 4 R i 4 (X = v, W r ) are shown. 
